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INTRODUCTION



Zeta functions with several complex indices

Hy:={(s1,...,5) €CVm=1,....,r,R(s1) + ... + R(sm) > m},r e N,.
C(s1y--.y5) = Z ny*...n % converges for (s1,...,s;) € H,.
n>...>n.>0

ForneN,zeC,|z|<1,(s,...,s)€C", let us define the following functions

m
: 2 : Z LlSl’ ,S, 2 :
L151,-»~,5r(z) = n51 S and HSl, +»Sr n)z
r

n>...>n.>0 1= n>0
Hence, from a theorem by Abel, one has
V(si,...,s) € Hry C(s15...,8)= lim Hg 5 (n)=limLi _(2).
n—-+o00 z—1

zZ = SpanQ{C(Sla IR sr)}(51,...,s,)EH,ﬂN’,r€N~
These values do appear in the regularization of solutions of the following
differential equation with noncommutative indeterminates in X = {xg, x1 }

d d
(DE) dG = MG, with M = woxo + wixi,wo(z) = 2w (2) = —2
p4

1—2z

Drinfel'd stated that (DE) has a unique solution Gg (resp. Gy), being
group-like series, s.t. Go(z) ~o €©'°8(?) (resp. Gy(z) ~; e 'o8(1=2)),
There is then a unique series ®xz € R{X), A |, (Prz) = Przr @ Pkz,
such that Gy = G1®Pz. This series is called Drinfel'd associator.



Indexing by words
Introducing Y = {yk}k>1, Yo = Y U {y0} and using the correspondences
(s1,--.,5) N &y ...y, €Y =X Xgl_lxl .. .XS'_1X1 € X*xq,

Ty

(s1,...,5) €N & ys ...y, € Y5,

we denote Hysl..‘ys, = Hg . s and legl_lxl...xé’ Ly Lis, .5,
H;sl...ysr = H_Slv---y_sr and Llysl...ysr = L1—51,--~7—5n
L . s1—1 s,—1
and also C(ys, ---¥s,) = C(S1,---,5r) = C(xg" X1 Xy X)),

C(Wey---¥s,) = C(=515-0y=50).
The polylogarithms can be viewed as iterated integrals, w.r.t. wp,w; and
associated to words in X* : Lis . (z) = aé(xglflxl .. .xg’flxl), where

z Zk—1
ajo(lx*):lg and aio(x,-l...x,-k):/ w,-l(zl).../ wi, (z),

Zp P4
where (zp, 2 ..., 2z, z) is a subdivision of the path z5 ~» z in the simply

connected domain 2 :=C f{\()/l} and 1g : Q — C, mapping z to 1.

0o := 20,01 := (1 —2)0, and 19,11 suchthat 6Goug =610 =1d
(i.e. the sections of them, taking primitives for the corresponding
differential operators). Then
Liig, .. —s = (961+1L1 . 96’+1L1)1Q and Lis, . s = (L8171L1 . L(S)'ilLl)].Q.



Noncommutative, co-commutative bialgebras

X and Y are ordered, respectively, by x; > xg and y; > y» > ...
LynX,{S/}1ecynx : pure transcendence bases oft (C(X), w ,1x-),
LynY ,{Z}1ecyny : pure transcendence bases of? (C(Y), w1, 1y+),

{Pi}iecynx, {i}iecyny : homogeneous (graded) bases of Lie algebras of

primitive elements, for respectively A, , A ),

> in the concatenation-shuffle bialgebra (C(X), conc, A, ,1x+,e),
e
Dx = Z wRw = H e*®P " (MRS-factorization).
wex* leLynX

> in the concatenation-stuffle bialgebra (C(Y), conc, Ay, 1y, e),

¢
— extended
Dy = = e>®m (1
Y Z wew H MRS-factorization).
weyY* leLynY

For x,y € X,u,v € X*, uw lxx = 1x» w u=u and
xuw yv = x(u w yv) + y(xu w v), or equivalently
A (x) =x®1x= + 1x= @ x (i.e. letters are primitive, for A, ).
2For yi,y; € Y, u,v € Y, utily« = 1y« iy = u and
yiuw yjv = yi(uw yiv) + yj(yiv w v) + yiyj(u i v), or equivalently
A () =yiQly-+ 1y Qyi+> .- Yk @ yk (i.e. y1 is primitive, for-A wr).



First structures of polylogarithms and harmonic sums

1. Completed with Li(z) := log“(2)/k!, {Liy }wex~ is C-linearly
independent. Hence, the following morphism of algebras is injective
Lig : (C{X), w ,1x+) = (C{Liy }wex+,-, 1), wu+ Li,.
Thus, {Li;}iecynx (resp. {Lis, }iecynx) are algebraically independent.
2. The following morphism of algebras is injective
H, : (C(Y), w,1y+) = (C{Hy}wey=,-, 1), wu+ H,.
Hence, {H, }wey+ is C-linearly independent. It follows that,
{Hi}iecyny (resp. {Hs,}iezyny) are algebraically independent.
o (Qlx- @ xQ(X)x1, w,1x+)
3. C . (@1Y* ® (Y o {y1})@<y>, tﬂ,ly*) — (Z, . 1) SUCh that, fOI’
any h, b € LynX — X, ((h w k)= (((myh) = (myk)) = C(h)C(k).
4. There exists, at least, an associative law of algebra T, in Q(Yo),
(not dualizable) such that the following morphism is onto
Li;, : (Q(Y), T) — (Q{Liy}wevs,.), wwr Li,,
and kerLiy = Q{w — wTlys|w € Y5}
Moreover, if T': Q(Yo) x Q(Yo) — Q(Yp) is a law such that Li, is
a morphism for T’ and (1v»T'Q(Yp)) N ker(Li, ) = {0} then
T/ =goT, where g € GL(Q(Yp)) such that Li; og = Li, .




SINGULAR AND ASYMPTOTIC EXPANSIONS



Noncommutative series and first Abel like theorem

¢
= ) Li,w = (Li, ®Id)D H s Pz, = [ ©*P
weX* leLynX leLynX—X
¢ ¢
=Y Hw=HeldDy= [] =M Zzu:= J[ &0
weyY* leLynY leLynY —{y1}

L is solution of (DE) satisfying L(z) ~o €©'°8(2). One has L(z) ~; e 1'81=2)7
Theorem (HNM, 2005)

lim e 50 L(z) = lim eXer D) M () = 7y 7
z—1 n—o00
For w € X*xq, there exists a;, b j € Z and «, B j, Vxyw € Z[7] such that
Li, (z Za, log'(1—2) + (Zu [w)+ Y bij(1—zYlog/(1 - 2),
Ij€N+
log'(n ( )
HTK‘yW n—>+<>o Zal |0g + Yryw + Z ﬂl,_} .
ijENY

Let Z, := ZWEY* ‘ww. Then Z, is group-like, for A +,. By the extended
MRS-factorization, one has Z, = € 7., and then, by the Abel like
theorem, one deduces (Z, = B(y1)ryZ ,, & Zw = B'(y1))nvZ.,, ),
where B(y;) = e X2 SR (=) /k 34 B'(y1) =€~ Siz2 SR (=y) /K



Actions of the Galois differential group
Li=Le¢, Z, =27,€e° H= Z Hyw, Z,:= Z F W,
weyY* weyY*
where e© € {€“}ceie(x)y = Gale(DE) and, for any w € Y*, letting
v =mxw € X*x1, one has
— L —

ZHW(n)z" = % and 7, := f.p.H,(n), for {n?log®’(n)}.cz pen.

n>0

E(Z) ~p e log(1~2)7 . and ﬁ(n) ~ioo € >kt Hyk(n)(—h)“/kﬁyf L
It follows then an extended Abel like theorem :

lim e 62y I(z) = lim eZkleyk(")(fmk/kﬁ(n) =myZ ., .
z—1 n—+o0

Therefore, one has a bridge equation Z., = B(y1)ryZ ,, .

L is solution of (DE) satisfying L(z) ~o e*'°8(z)e€.

Thus, L is unique, satisfying® L(z) ~q €% log(2) and dyz = Z,, is also unique.
Theorem (HNM, 2009)

FOI’@ CAC (C, /et4 dm(A) = {Zuu eC}CEEie;L((X»,(ec|xo>:(eC\X1)EO'

IfZ, €dm(A)then(Z,=B()ryZ ., & Zw =B (n)rvZ ., ).
Hence, if v ¢ A then ~y is transcendent over A.

3See also Duchamp's talk.
*dm(A) = Galz*(DE) is a strict normal sub-group of Gala(DE).



Homogenous polynomials relations among local coordinates
Z»y = B(yl)TryZuu

l

[ Polynomial relations on

{C(=Decyny— {11}

“ Polynomial relations on

{¢(SN}ecynx—x

3 (Zypy) = 3¢(5) Gp2) = ¢Ba)
4 (Ty) = (T, 53,) = 5(Son )2
(Tyay) = F(Ey) €(52.2) = 15¢(Swn )?
e e <<5X0X 3) = 2((Sqxn )
5 () = 3C(23)C(Eyp) — 5C(5y5) (Ba2) = B2, ) om) + 2658,
(Fyy) = —C(Ey)A(Ey,) + 3¢(Sy) (s, Wl) <<5X4X1)+<(5X2X1) (Sxox1)
C(Fy2,) = 3C(ER)6(E) — B(T) s, 2.3) = (52, )(Sx) +2(5,)
¢=y,,2) 5¢(Ty) <( mel) %((5X3X1)
€3 = 2CER)(ER) + §C(Ty) C(5,8) = (5a,)
6 (Ty) = £¢(5),)° (Sey) 2 (5xn )’
(Tyyy) = (T — FC(E,)? (Sg.2) = (S0 2 - %C(ngxl)z
C(Zygy1) 2¢(Ty,)% - 3¢(z),)? ¢(S, XleXl) 185 C(Signy )
¢(Zyzy1y2) — 3¢5y, + F¢(E ) (5 3 3) B (S )® = <(S, Xl)2
Tyaar) = 3¢(Ty)? — §5C(5),)° C(szxlx()x 2) = ZsC(Sqn)?
C(E,,2) = 56(E)" — 3¢(E,)° CS2.200) = ~F0¢(S0n)’ + 3¢(52,)°
€(F2) = H(ER) — 1¢(Ey)? C(z8) = 5¢(Son)’ = 3¢Sz, %
¢(F,,3) 2 ¢(Ty,)? ¢S, npd) £ ¢(Sn)® — (sxle)2
¢(x,,8) 50Ty, + F5C(Ey,) $(S,p8) £¢(Sxn )’

(Bui's, Duchamp, HNM, 2015)




Noetherian rewriting system & irreducible

coordinates®

l

[ Rewriting system on

{CEN ecyny — {1}

“ Rewriting system on

{¢(S)} e cynx —x

3 C(Z,vgyl) g %C(Zm) ((SXOX) - C(SXZXI)

4 ((Ty,) — 2C(E,) (Sa) — 5<;(sxm)2
(Typy) — 5C(E,)? (sg2) — H¢(Sxn )
(=, — 2¢(5,,)? USgu3) — 3C(Sxn )

5 C(Tyary) — 3C(T53)C(Ty,) — 5C(Ty5) Ba2) = —CBg o) ¥ 258,
() = —C(Ey3)¢(Ey) + 3¢(Ty5) (Szngn) 24(5X4X1)+<(sxle)<(sxoxl)
CEp2,) = 3CER)(E,) — B4(Ty) (52.3) = —C(S2,)¢(S0x) +26(S8,)
(2 = H6(Ew) i) ™ 366,)
C(EF,8) = 5ER)0(T,) + §4(Ty) C(Sgu) — C(5a,)

6 ((Ty) — ZC(E,) Ggy) — 5S0u)
CTyayn) = UTy3)? — 56(Ey,)° (S a2) — S ¢(Sxpxg)® — *C(ngxf
C(Zygyy) — %((Zyg)s - %((Zm)z (s 3X1XOX1) - 105(( Xoxl)
CTyapys) = — 3T+ §¢(T)3)? (Sg.q) — B¢ (Sypn)® — C( HI)Z
C(Zyzyom) — 3C(Z.V3) _7C(Z.V2) C(nglxoﬁ) - 1054(5><0x1)
CE,,2) FUTy)? - 3¢z, CS2aagn) — B ¢(Sga)® + 3 asxle)2
(Fz2) = HCER) — 15, (52.4) = 5C(Son)’ = 3¢S,
CEp0) = FCE,) S )~ (S~ (S,
C(E,8) — LTy + F5¢Tys)? USg) = 35¢(Sgn)’

(Bui's, Duchamp, HNM, 2015)

5The set of irreducible coordinates forms algebraic generator system for Z:




llustration of Z, = B(y1)myZ.,

E CEx)
SE—
: ! H(msu_,(((:((;(;))— Y
|
1 \ 2,
c(v)
: T T T -2 -<_
Lo Hau%uﬂ(C((Y‘)); _—//) g
| Y
/// \\\ Zv,g’\//’.TrY(ZuJ)
X -7 B(wy)

DTy



Integro differential algebra and second Abel like theorem
1. For any w € Y, Li,, (resp. H,) is a polynomial in Z[(1 — z) ']
(resp. QI[n]), of valuation 1 and of degree d :=|w | +(w).
Hence, Li, (z) ~1 B, (1 —z)~9 and Hy,(n) ~u C,, n9, where
B, =d!C, €Z and C, = H (V)+|v])teq.
W:uv,v;élyo*
2. The families {Li,, }x>0 and {H;, }s>0 are Q-linearly independent.
3. Let C:= (C[z,z7 %, (1 — 2)71],0,). Then the algebra C{Li, }wex-
(=2 C ®c C{Liy }wex~) is stable under the operators® {fg, 01, 10, 11}
4. The bi-integro differential algebra (C{Liy }wex*, 6o, 01, to,t1) is
closed under the action of the group of transformations, G, gener-
ated by {z + 1—z,z + z71}, permuting singularities in {0, 1, 400} :
Vh e C{Liw}wEX*a Vg € ga h(g) € C{LiW}WEX*-
Theorem (Duchamp, HNM, Ngd, 2015)
L™= Z Li, w, H™ := Z H,w, C = Z C, w.
weYy we Yy we Yy
i hO-1((1 — 2)-1 ()= i o-1 () = C—
Jim A1 = 2) ) o LiT(z) = lim g® (n) 0 H (n)=C",
where h(t) = 3_ ey ((w)+ |w )t My and g(t) = Dwevy W)y,
Moreover, H™ and C~ are group-like, respectively,-for N\, and I, .




POLYLOGARITHMS AND HARMONIC SUMS
INDEXED BY NONCOMMUTATIVE
RATIONAL SERIES



Rational series (C™"((X)))-Exchangeable series (Ceyx. (X))
Theorem (Schiitzenberger, 1961)

R € C™((X)) iff there is a linear representation, (v, j1,m) of dimension
n>0,ie veM,C),neM,i(C)and p: X* = M, ,(C) such that

R=v( 3 uw) w)n=v(@azp)D)n.
weX*
Theorem (HNM, 1995)

For any R € C™((X)), the series y_ ,c x (Rlw)aZ (w) =: (R||S-.z) is
convergent, where ) . aZ (w)w denotes the Chen series S,,...,, and
VU,V e C*(X)), (Uw VISzpez) = (Ul[Szpwsz) (VIISz2)-

Moreover, letting (v, u,n) be a linear representation of R, one has

(RI|Szmmz) = (02, 0p pX)ny< I M(s,u(p,)

leLynX
The power series S belongs to Cey. (X)), iff

(Vu.v € X)(vx € X)(Jul = V) = (Slo) = (Sl).
If S = Z Sp.iXC w x;" then (S||S,..) = Z Sio.ir (05,00))® (05,(1)) 1.

io! !
S0 io,n>0 0 !




Polylogarithms, harmonic sums and rational series
Lemma (Duchamp, HNM, Ngé, 2016)

L CEAX)) o= Cr (XY N T (X)) = C™{xo)) w C=((xa).
2. For any x € X, one has C™*((x)) = spanc{(ax)* w C(x)|a € C}.

3. The family {x},x;} is algebraically independent over
((C< >, [ 1X*) within ((Cmt(<X>), u ,].X*).
4. The module (C(X), w ,1x:)[x, X1, (—x0)*] is C(X)-free and
() kw (xg)w HKNEZXN forms 5 C(X)-basis of it.
Hence, {w w (x§)™ K w (x7)™ ’}(erlXiZXN is a C-basis of it.
Theorem (extension of Li,, Duchamp, HNM, Ngé, 2016)
Li' : (C[X57va (_XO)*] w C<X>7 uy 71X*) - (C{LiW}WEX*P? 1Q)a R— LIR .
Li, is surjective and ker Li, is the shuffle ideal generated by x§ w x;{ — x{" + 1.
Example (of polylogarithms indexed by rational series)

Since, for any n € N, a,b € C, one has
((bx1)*[1Sowz) = (1 = 2)7° and  ((ax0)*[|S1nz) = 2°
then Li:(z) =2z, Lis(z)=(1- z)7 1, Li(axgbx)* (2) = 27(1— z)=b.



Indexing polylogarithms by rational series (1/2)

51 Ss1+so—ki (:11: :::);) s s +5 k
. 1\ (1t —k
o =3 3% 0 % (k ) ( X )
k=0 k=0 k=0 ! 2
ik SsS — ki — o =k . .
(51 Tt 1)(931 Lio)... (6% Lip),
08 (Lig(2)) = —— 252 (ki, ))j'(Lig(2)y, for ki >0,

where Lip(z) = z(l - z) 1, Sa(ki, j) are the Stirling numbers of second kind.
Lemma (Encoding polylogarithms by rational series)
Li_g = Lig, where R, . € (Z[x(], w ,1x~) given by

’
seeey T Vsq - Ysp

R}’s1~~~)’s, = § :

k1=0,..,51:kp=0,..,51+sp —ky:...;
k,:O,.,,(51+A.A+s,) (ky+...+ke_1)

s\ (si+s—k Yias ik
kl k2 e k, Pkq e Pk,
Xik—lx*, if k,':O,

ki
Pk = X w Y Sk )jl0g —1x) @7, if ki >0.

By linearity, R, is extended over Z{Yp).



Indexing polylogarithms by rational series (2/2)

Theorem (restriction of Li,)
The restriction Lis : (Z[x], w ,1x+) — (Z[(1 — 2)7, ., 1q) is bijective
and the family {LiRyk Yk>0 is a Z-basis of the image. Hence, Vk > 0,
JIR,, € Z[x{] s.t. Ligr, = Li_x. Moreover, Ry, = x{ — 1x- and

k

Vk>1, R, = xfuw (Zi!Sz(k,i)(xl* —1)w i)7
=0, )
51(k7./)
*) w k
((X]-) ) - 1X* +Ry0+j§2(k71)!Rijla

where S1(k, i) and Sy(k,j) are Stirling numbers of first and second kind.

Corollary
The morphism R, : (Z(Y), w, ly:) = (Z[x{], w ,1x~) is bijective.
Hence, for any | € LynY, there exists a unique polynomial p € Z[t] of
degree (/)+ || and of valuation 1 such that
R = B(x) € (Z]q], w,1x),
Lig(z) = ple *s0-2) e (Z[e~e(-2] 1),
Hryr(n) = p((n)s) € (Ql(n)s],- 1),
where (n)e : N — N,i— n(n—1)...(n—i+1), pis the exponential
transformed of p and p is obtained as the exponential transformed-of p:



Constants {'7—51,...,75,}(51,....,5,)€N’,r€N
Theorem (extended double regularization)
(a)) = (Zw ll(ba)?) =1, ( o .
t
Vrv(ea)s = (Gll(1)")  =exp (7 ZC > r(1+t)

n>2

Corollary

For any | € LynY, there exists a unique polynomial p € Z[t] of degree

()4 || and of valuation 1 such that R; = p(x{) € (Z[x{], w ,1x+) and
CR)=p(1) €Z and pyr = B(1) € Q,

where p is the exponential transformed of p and p is obtained as the

exponential transformed of j.

Example

Li_g,_1 = = Ligr +5 Liaq)» —7 Liggq)+ +3 L)

Li_p _1 = Li In Li(gy)* +31 Li(gq )= —33 Li(ayy)* +12 Li(gy )*»

Li_q,_p= Ll + —9Ligaq)* +23 Li(3)x —23 Li(ax)= +8 Li(syy )« »

Hog 1= HWy(X ) 5y (2x)*) — THay(3x)*)  3Hry (4x)*)

Hoo—1=Hr ()~ lle«zm*) + 3 oy ((3x)%) ~ 33y ((ax)*) T 12Hry ((550)%)

Hop 2= Hw v ) ~ My (2xq)*)  23Hry ((3x)*) — 23Hry ((ax)*) T 8Hry ((5x)*)-
Therefore, ¢(—1,—1) = ¢(—2,—-1)=—-1, ¢(—1,—-2)=0, and

yo1,-1=-T7}2) + 5r 1(3) —7r1(4) +3r—1(5) = 11/24,

y_2,—1=T"}2) —11r—1(3) + 31r~1(4) — 33r —1(5) + 12r ~1(6) = —73/120,
or—1(3) +23r—1(4) — 23r ~1(5) + 8r—1(6) = —67,/120.

5
1
*
1

yo1,-2=T712) -



Candidates for associators with rational coefficients
T:=((Heomy o Re) ®Id)Dy and A :=((LisoRs o 7ty) ® Id)Dx,
Z7 = ((veomyoRs)®Id)Dy and Z7 :=(((oR,sofy)®Id)Dx,
where the morphism of algebras 7y is defined, over an algebraic basis, by
fy(x0) = xo (such that Lig,  (z) = log(z) and then ((Rz,) = 0) and,

forany | € LynX — {xo}, Ay S/ = 7wy 5.
Hence, Z~ € Q(Y)) and Z7,, € Z{(X)). In particular,
(Z;|y1> =—1/2and (Z, |x1) =(Z |x)=0.
Theorem (candidates for associators with rational coefficients)
Ay(M)=TT and A, (N)=ARA,
Auw(Z7)=2Z;,®@Z7 and A, (2, )=2Z,, @7,
and all constant terms are 1. It follows then

Sy n o P
T= H e ™ and A= H e Frvs T g e lo8l@),

leLynY leLynX
e e
_ 7( n _ '+
Z = H e"™F N and Z, = H eSw (Reys)Pr
leLynY leLynX

Moreover, A € (spanc{Lis}scc(x) u, et (x) 0o, Lo, 01, 1) (X)) and,

exc

for any g € G, there exists a letter substitution, oz, and a Lie series,
C € Liec((X)), such that A(g) = o, (N)eC.
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