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APPLICATIONS AND MOTIVATIONS

e Engineering Disciplines:
e Signal Processing,
o Scientific Data Analysis,
e Statistics,
o Bioinformatics,
e Neuroscience.

e Algebraic Statistics Models:

o Phylogenetic Trees Model,
e The Analysis of Contents of Web Pages Model.



THE ANALYSIS OF CONTENTS OF WEB PAGES MODEL

Locument 1:15 words Locument 3:/5 words

documont 2./ words

Tow York Fomos %uz’rm

onglish wc:i&/eg/

7 words

H documents

* Collection: n documents
* What is the topic of a document?

* Each document is represented by a vector ¢ € R” where each component is the
occurence of a word drawn from a vocabulary which contains n words. This is a
sparse vector.



* We compute the 2-order tensors associated to all ¢ vectors
My = é(c ® ¢ — diag(c)), and the mean My of all of them.

* We compute the 3-order tensors associated to all ¢ vectors

Mz. = é(c®c®c+2 Z Ci(ei®ei®ei)_z Z CiCj(ei®ei®ej)—Z Z cicj(ej®ej®e;)—

i=1 i=1 j=1 i=1 j=1

and we compute the mean M3z € R™ ™",

* \We compute the singular value decomposition of Ma = USUT and the whitening
matrix W = U,S,fé € R™r

* We compress the tensor M3: K3 = (WT, WT, WT).M3



_3-order tensor

mmajemeﬂt

.gvort

* We decompose the tensor K3 = >~ w;u; ® u; ® u; and deduce the decomposition
M3 = 3" wip; ® pi ® pi where p; = W



+ Each topic is represented by a probability vector and each component of it is equal
to the probability of a word belongs to this topic * We project a vector ¢

corresponding to a fixed document on the new basis of vectors to compute the weights
of each topic in the document.

z‘cyzk.‘e%fz’k’ar

7owrnment



EX1:DECOMPOSITION OF REAL COEFFICIENTS
MULTI-LINEAR TENSOR

X = (Xo,X17X2)7y = (}/0,}’17)/2)72 = (20721,22)-

P(X, Yy, Z): —0.5X0y020 — 2.75X0y021 — 0.75X0_)/120 — 6.0X0_)/121 +
0.375X0y122 + 0.75X0_y220 + 2.25X0y221 + 0.375X0y222 + X1Y020 +
1.75x1y0z1 + 0.75x1 Y022 + 2.25x1y120 + 3.0x1y121 + 1.875x1y120 —
0.75x1y220 — 2.25x1 021 — 0.375x1 )220 4+ 0.625x2y020 — 1.25x0 Y021 +
0.9375x2y020 4+ 1.875x2y120 — 3.75x2y121 + 2.8125x0y1 22

P(x) = 321, wi(ai(x))(bi(y)(ci(2)) =

S wiaioxo + aj,1x1 + aj2x2) * (bj oo + biiy1r + bi2y2) * (¢j0z0 + ¢j 121 + i 222)
r=2

Points =

ui | aio | a1 | ai2 | bio | bia bi2 Cio | Ci1 | Cip2

ur | 1 | -10]-00] 1 2.0 -1.0 1 3 0.5

us 1 1.0 | 25 1 3 1.4%10°17 1 20 15




EX2:DECOMPOSITION OF INTEGER COEFFICIENTS
MULTI-LINEAR TENSOR

x = (x0,Xx1,X2,x3),y = (Y0, ¥1, ¥2,¥3),Z2 = (20, 21, 22, 23).

P(x,y,2)= —11.0x1y223 — x1y320 + X1y322 — 3.0x1y321 — 3.0x1y323 — 7.0x2y021 +
3.0x2y020 + 3.0x2y022 — 7.0x2y023 + 7.0x2y120 — 21.0x2y121 + 17.0x2y1220 —
21.0x2y123 4+ 3.0x2y220 — 13.0x2y221 + 9.0x2y220 — 13.0x2y223 — 5.0x2y320 +
3.0x2y371 — 7.0x2y322 + 3.0x0¥020 — 6.0x0y021 + 6.0x0y120 + 4.0x0¥022 — 6.0x0y023 +
12.0xpy122 — 14.0x0y121 + 16.0x0y222 + 8.0x0y220 — 14.0x0y123 — 18.0x0y221 —
18.0x0y223 + 12.0xpy320 + 24.0x0y322 — 26.0x0y321 + 2.0x1¥020 — 26.0x0y323 +
3.0x1Y022 —5.0x1y021 —5.0x1 023 +5.0x1 Y120 —15.0x1y121 +13.0x1 y1 22 —15.0x1 Y1 23+
3.0x1y220 — 11.0x71 221 +9.0x1 Y222 + 3.0x2y323 +4.0x3 Y020 + 9.0x3 Y220 — 15.0x3 Y221 +
3.0x3y220 — 27.0x3y123 + 21.0x3y120 — 27.0x3y121 + 9.0x3Y120 — 9.0X3Y023 +
3.0x3y022 — 9.0x3y021 + 9.0x3y323 — 15.0x3y322 + 9.0x3y321 — 9.0x3y320 — 15.0Xx3)223

P(x) = 3>i_ wi(ai(x))(bi(y)(ci(z)) = 30—y wilaioxo + aj,1x1 + aj2x2 + 2,3x3) *
(bi,oyo + bi1y1 + bj2y2 + b 3ys) * (ci0z0 + ci121 + ¢j 222 + € 323)

u; | a1 | a2 | a3 | bix| bio| bizg | ci1| ci2| ci3
Points — ui -09 | -19 | -2.9 1.9 4 7.9 -1.9 1.9 -1.9
----- un 1.9 2.9 3.9 2.9 2.9 2.9 -3 3 -3
usz 1 2 3 1 1 1 -1 -0.9 -1
with ajg = bjg=cjo=1fori=1,...,r wherer =3
I AT Y



MULTI-SYMMETRIC TENSOR

(Ej)i<j<kldim(E;) = nj+ 1, Ej = (x;) = (%), ..., X))

S%(E;) = {p(x;)homogeneous, degree(p(x;)) = d;}.

Sé(E) = 851(E1) ® 862(E2) R...Q Sdk(Ek).
[T] € S°(E) is a multi symmetric tensor.

Notation: x = (xq,...,x,) and a = (a1,...,ax) and
x; = (X515 -+ Xiin;) and a; = (0,5 n)
so that T(xl, . xk) D e ja|<s; Lo, X Where

X Hj IHp 1%.p%"




MULTI-SYMMETRIC TENSOR

T(x) = T(x1,...,Xk) : an multi-homogeneous polynomial of degree ¢; in

the variable x; = (xj0,...,X,n) ~

[T] = [toz;,alz,...,ozl] o 15, : multi symmetric array of coefficients such
a;GNnj+1

that each o; = (o; , Jo<p <, is @ multi-index for 1 < j < k.

For |aj| < (51', we denote Qj = ((51 — |Oéj|,0£j’1, .. .,aj’,,j),j =1,...,k
We identify ¢,/ /= ta, . d-

Let u,-7j707£0,j:1,...,k,i:1,...,r,
then for (uijo) =1and xj0 =1~

o R=Cl[xy, %, ..., %] where x; = (xj1,...,%,,) for j=1,...,k
o Rsy a0 ={T €S (E)xjo=1j=1,....k}




MULTI SYMMETRIC TENSOR DECOMPOSITION

Sum of products of power of linear forms:

T(X1,X2,. .., Xk) = Zp 1 wpu6 (x1)uj, %2 (x2)... uikk(xk) where
upj (%)) = UpjXj + Upj1xi1 + .. +upj,,xj,, and
(nj+1)

u, = (Up, pj)o<pj<nj e CXia is the coefficient vector associated to
1<j<k

the linear forms up, j(x;) in the basis x; for j =1,... k.

Rank r of T: Minimal number of terms in a decomposition of T(x).

By a generic change of coordinates in each E;, we may assume that

upj # 0 and that T has an affine decomposition. Then by scaling u,(x)
and multiplying w, by the d™ power of the scaling factor we may assume
that upj=1forp=1,...,r and j = 1, ..., k. Thus the polynomial

T(x) =30 whut'(x) :Z,, Ll (Ul 5% (%) ol (%)




T1(x1,%2,. .., %), T2(x1,%2,..., %) € SY(E) ~
Apolar Product:
T T _ (1) =(2) s
<71(§17527 cee 75[()772(517527 o 7§k)> Z\aﬂgéj Tag,az,...,aTag,az,...,ax (a)
OszNnj
S\ _ (96 6 5
where (a) - (ai) (azz) e (ai) )
Dual Operator:
T (R51,(52,~~,5k) - (R51,52,~-75k)* (1)
T2 = TH(T2)=(I(x), T2(x)) (2)
v

For T = (tahaz,---ﬂk)\ajlgéj € Sé(E)”"
ajeN"/'

1\~ 1 62\ "1 5y L
.Ta1,azy-~-7llk(T) = Tog,o,...,0p = tag,az,...,0x all) (azz) (a‘;) :

@ Dual via the formal power series:

(1) (v2)72  (y6)%

TV Y2, oY) = T (Y0 ¥2, - ¥K) = D Tag,az,..a Gl anl @l

\Oéjlﬁn(s.j
ajGNJ

where(yj)‘ij = Y1 --- 7yj,"j)(D‘j’aj’:""”’ozj’"j) = H;j::o (}77Pj)aj,pj for
j=1,...,k



Dual of u‘i‘ug2 ... ug% is the evaluation e, at u = (ug,uz,...,ug).

Thus if 7 =37 wiufiul% .. u; %, then T* coincides with the
weighted sum of evaluations T* = wa,- ey, on Rs, 5,6,




DUAL SPACE

Power Formal series :

= Ta eyl

aeNn

Linear Functional :

7:C[x] — C
pP= ZaEACN" 2% S <T | P> = ZagAan PaTa-

" = Cl* =Clly]]
Lo(CY') = C[x]
~~ Hankel Operator :
H-:Clx] — Cllyl]
p = pxT



HANKEL MATRICES

W
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73

uﬂz@’mﬁé’-fﬂﬂé/ muSitvariate-fanke/



Hankel Matrices:

H = [ritjlo<i<i0<j<m
Multivariate Hankel Matrices:

H = [Ta+placa,pes

Multivariate Hankel operators:T = (74 )aenr € CN s

Hy: Lo(CY) — vV

(pa)a = (Z paTa+ﬂ)B€N”




GOAL:DECOMPOSITION OF HANKEL OPERATOR

The moment matrix H28 of 7: (x#)zecp and (g)aeA ~

H2P = [Tatplacapes.

The evaluation at &:
ec(y) = Yoo §* fr = ¢
~Vp € R, <eclp>=3 e Pa % = p(§)-

o He. i prs pres = p(&)ee,
o HMB = 69T 3ep aen, if HeME #0




DECOMPOSITION OF HANKEL MATRICES

DECOMPOSITION OF QUOTIENT ALGEBRA

Theo:/; kernel of H; :: Ay = C[x]/I> gorenstein algebra ~

o7 =), wieg(y) with w; € Cly], £ € C" where &; are distinct and of
multiplicity one.

® Hr is of rank r,

® A; is an Artinian Gorenstein algebra of dimension r.

o V(I)={&,.... &}

RqThe decomposition problem 7 as a weighted sum of products of power of linear
forms reduces to the solution of the polynomial equations p = 0 for p in the kernel /-
of Hr.

A = C[x]/Ir is Artinian :: finite dimension over C
~ beand V(1) = {é1,...,6} ={£ € C" | Vp € I, p(¢§) = 0}
~» decomposition of A as a sum of sub-algebras:
A=C/lh = A1 & & A

where A; = ug; A ~ C[x]/Q; and Q; is the primary component of / associated to
the root ¢; € C".

The idempotents ug,, ..., ug, : u2 (x) = ug,(x), S0, ue (x) = 1.



DECOMPOSITION OF HANKEL MATRICES

MuLTIPLICATION OPERATOR

Multiplication Operator: g € C[x], M,

Mg: A = A
h = Mg(h)=gh

Transpose of Multiplication Operator:

M A - A
A MT(A) =AoM, =g *A.



DECOMPOSITION OF HANKEL MATRICES

EIGENVALUES AND EIGENVECTORS

Let / ideal of C[x] and V(/) = {¢1,&2,...,&,} such that & are simple =

e Vg € A, the eigenvalues of M, and M, are the values
g(&1),...,g(&) of the polynomial g at the roots with multiplicities
ni = dim A,‘ =1.

e The eigenvectors common to all M, with g € Aare- uptoa
scalar - the evaluations eg,, ..., e, .

e If g is separating the roots, i.e. g(&,) # g(&q) for p # q, then the

eigenvectors of M, are, up to a scalar, interpolation polynomials ug,
at the roots &;.




DECOMPOSITION OF HANKEL MATRICES

BAses

Lemma:let B = {by,..., b}, B ={b;,..., b’} C C[x]. If the matrix
HEB" = ((r|b;b}))1<i < is invertible = B and B’ are linearly
independent in A..




DECOMPOSITION OF HANKEL MATRICES

MULTIPLICATION OPERATOR VIA TRUNCATED HANKEL MATRICES

Prop: Let B, B’ be basis of A, and g € C[x]. We have

HEE = (MP)THE® = HEE M, (4)

g*T

where M5 (resp. l\/lgB/) is the matrix of the multiplication by g in the
basis B (resp. B’) of A,.

Let 7(y) = DI wieg,(y) with w; € C\ {0} and &; € C" distinct and
simple.
Let B, B’ be bases of A, ~»

o For g € C[x], M8 = (HBB)~1HEE

(M B)T = Hgef (HEE)

e For g € C[x], the generalized eigenvalues of (HEE' HEE'Y are
g(&;) with multiplicity 1, i = 1,.

e The generalized eigenvectors common to all (HE,E' HBE' ) for
g € C[x] are - up to a scalar - (HEB)"1B(¢), i=1,...,




MULTI-LINEAR TENSOR DECOMPOSITION PROBLEM

A Az | Ria = (A Agx; 0 < i < nj) J
[jALA [jALA
® H7.™ = [tatplaca,pea, and HF™
o Ho = A%
0. _ OALA: X2 12*A17A2 _
® Hz”z - HXz i x T T H [ta*‘ﬂ]aExz,,-z*ZLBEAz
o Ho= " Ny Hug




MULTI-LINEAR TENSOR DECOMPOSITION PROBLEM

SINGULAR VALUE DECOMPOSITION

Singular Value Decomposition:

Ho = USVT

o Vectors:u; = [Ua,il gz, Vi = V8,lsea, = 1™ and j* col of U and V
e Polynomials:uj(x) = u] x* = Y7 4 ta,x* and

vi(x) = vixt =30 ve Xt
e Bases: UM := (ui(x))i=1,...,r and V, := (vj(x))j=1

----------




eTruncated Singular Value Decomposition: ﬁo ,I:IXZY,2 and Iflo ~ HI ,H;zl
Hs
® H

0 _ U NT r v,

Fly o = (MY )T HG = HoMY,

and

where Mer, (resp MX " ) is the multiplication matrix by xz ;, in the basis U

(resp. V) and MXZ’),.2 is the multiplication matrix by xs ;, in the basis V..

@ By linearity: Hy =312 A,-ZH;Z_’(_Z = Hy 32 0 N MY = HymYr =

X2,z A(x2)
(F)™ = (MY, ) ()

175 YV, N=1p4V, _ pqV,
(Fo) Y HL, = (MG T M = MUL )

We compute the eigenvalues and the eigenvectors of the multiplication matrices
v, . . . . .
M(X2 /A (2)) in order to obtain the weights and the points of the decomposition.




MULTIPLICATION OPERATORS IN THE ORTHOGONAL
BASIS

Prop: Let 7 = Z,r/:;l wieg, with w; € C, & € C" are simple.
If rank HAvAz =,
ethe sets of polynomials U, and V/, are bases of A..
eThe matrix Mxvszz associated to the multiplication operator by y; in

the basis V, of A is MY =S, L UM HZ/ 2V, i=1,....n




Algorithm 5.1: Decomposition of Tri-Linear Tensor with constant weights

the moments (t; j x)o<i<n, of 7.
0<j<n2
0<k<ns

1. Compute the monomial sets A;= (x;)o<i<n, and A= (2x)o<k<ns and
substitute the xg, yo and zop by 1 to define A; and As.

2. Compute the Hankel matrix H2"2 = [tat+slaca, Bea, and deduce the

A1,

truncated Hankel matrix H’ Az for the monomial sets A; and As.

3. Compute the singular value decomposition of HAl’A2 = USVT where
A1 = {(1,x1,...,Xn, ) and Ay = (1, z1,...,2ns) with singular values
s12s2 225 2>0.

4. Determine its numerical rank, that is, the largest integer r such that %; > €.

5. Form the multiplication matrices by x ;, in the basis V,,

M)Z’Jz =5, UH HAl’A2 V, where Hle‘AzT is the Hankel matrix associated to

X2 j, x T for j = 1,.. , no.




6. Compute the eigenvectors v, of ZJEI IJ-MZCJ.Z such that |j| <1,j=1,...,m
and for each p =1, ..., r do the following:
e The y’'s coordinates of the u, are the eigenvalues of the
multiplication matrices by x2 j,. Use the formula MV’ Vo = bpjvp
forp=1,...,randj=1,... nzanddeducethebp,
e Write the matrix HE“ZZ in the basis of interpolation
polynomials(ie. the eigenvectors v,,) and use the corresponding

matrix 7 = [7(x3,;,Vj)]1<i<ns to compute the z’s coordinates. Divide
1<j<r

the k™ row on the first row of the matrix 7 to obtain the values of
cpkforp=1,...;,rand k=1,...,n3

e The x’s coordinates of u, are computed using the eigenvectors of
the transpose of the matrix M " . They -are up to scalar- the
evaluatlons they are represented by vectors of the form

Vi = p[l,3p1, - -+ 3p,n]. Compute v} as the p* column of the
transpose of the inverse of the matrix V = [v1,..., v] for
p= 1,4..7r and deduce a,,; = V’;g;]l] forp=1,...,r and
i=1,.

(Tlvp)

° Compute Wp = )




EX3:DECOMPOSITION OF REAL COEFFICIENTS
TENSOR

x = (xo0, X1, X2, X3),¥ = (Yo, y1,¥2,¥3), X = (20, 21, 22, 23).

P(x,y,z)= 0.02646466399x0y020 — 0.02079158604x0y0z1 — 0.006500462094x0y02z2 —
0.02089539048x¢ yoz3 —0.05126123958x¢ y1 20 +0.03152394184x0 y1 z1 —0.03531344678x0y1 22 +
.1331916336x0 Y123 + 0.00568937625x0y220 — 0.01946921548x0y221 + 0.02562423711xpy222 —
.1072261978xg y22z3 — 0.02499583734x0 Y320 +0.02311010129x0 y321 + 0.007139677259x0y3 22 +
0.02612360782x0y3z3 — 0.001785167174x1y0zo — 0.01969431998x1 yoz1 —
0.01736839108x1 yoz2 — 0.009273636923x7 yoz3 + .1287214315x7 y1 2o + 0.02535497757x1 y121 +
0.04009363745x1 y1 22 +0.04644350153x7 y1 23 —0.01491990412x3 y220 +0.02842163781x1 y221 +
0.01170275867x1 y222+0.03476034515x7 y2z3 —0.01019076172x7 y320 +0.01466986899x7 y3 21 +
0.01312158715x3y3z> — 0.000552569691x1 y3z3 — 0.01996141762x> yozo +
0.02021382968x2 y0z1 + 0.002520024556x2 yoz2 + 0.03293876384x2y023 +
0.05285608034x2 Y120 — 0.06615741785x2y3 21 + 0.03526018401x2y1 22 — .2197159500x2y1 23 —
0.02684819787x2y229 + 0.04111686744x2y221 — 0.02889572651x2y22> + .1569483632x2y223 +
0.02095884678x2 329 — 0.02208293066x2 Y321 — 0.002096727077x2y322 —
0.03807484757x2y3z3 + 0.02671616684x3y020 — 0.02253751391x3y021 —
0.01818839314x3y0z> + 0.002862651160x3y023 + 0.02576052725x3y120 —
0.02679549338x3y1z1 — 0.005080088212x3y12z2 — 0.03991979132x3y123 —
0.03800977672x3 Y229 +0.03595197122x3 Y221 +0.01574387152x3 y2z> +0.03005675208x3 y2 23 —
0.02684599409x3 y3z9 + 0.02258264356x3 321 +0.01852935177x3 Y322 — 0.003645021223x3 5323



1 X1 X2 X3
to,0,0 ti,00 t200 t300] 1
HE"ZZ — USVT = to,o,1 t1,01 t201 $3,01| 21
t0,0,2 t1,0,2 t2,0,2 t302| 22
to,03 t1,03 20,3 13,03d Zz3

1 X1 X2 X3
0.02646466 —0.001785167 —0.01996141 0.02671616 1
—0.02079158 0.01969431 0.02021382 —0.02253751| =1

—0.006500462 —0.01736839 0.002520024  —0.01818839| =z
—0.02089539  —0.009273636 0.03293876 0.0028626511 z3

0.0681423308704 0 0 0
5= 0 0.0284093200680 0 0
- 0 0 0.0199716008591 0

0 0 0 3.3112 % 1012

epsilon= 10710 r=3




yil
t0,0,0
Hélfz — |to0,1
00,2
t0,0,3

fori=1,...,n

YiX1
t1,0,0
t10.1
t10,2
t1,0,3

Yix2
t2.0,0
20,1
t20,2
20,3

Yix3
30,0
t30,1
t3,0,2
30,3

Z1
22

Z3




—0.05126123  0.1287214  ,0.05285608 0.02576052
A1,Ax _ | 0.03152394  0.02535497 —0.06615741  —0.02679549
yat 7 | —0.03531344 0.04009363 0.03526018  —0.005080088
0.1331916 0.04644350 —0.2197159 —0.03991979

0.00568937  —0.01491990 —0.02684819 —0.03800977
HZhZz | —0.01946921  0.02842163 0.04111686 0.03595197
y2T | 0.02562423 0.01170275  —0.02889572  0.01574387
—0.1072261 0.03476034 0.1569483 0.03005675

—0.02499583  —0.01019076 0.02095884 —0.02684599
HZI A, _ | 0.02311010 0.01466986 —0.02208293 0.02258264
ysT | 0.007139677 0.01312158 —0.002096727 0.01852935

0.02612360  —0.000552569  —0.03807484 —0.003645021




u; ui uz us
a0 1 1 1
aj1 0.953586012938 -0.2373776281105 | -4.7475616265100
aj 2 -0.65267063880 -1.4691283332279 | -0.14517159542469
aj 3 1.6178837601907 | -0.2519515268291 | 0.00749395381230
b o 1 1 1
Points = [ b;; | 0.5811022172775 | -6.91176612232 -6.463589779792
bi > -1.110402543980 4.89705156939 -0.5801680510141
b;3 | -1.0127399256801 | -1.1502422172407 | -0.29739057249700
Ci,0 1 1 1
Ci1 -0.867731473730 | -1.3065248943787 0.4138185554696
ci2 | -0.6216530357344 | 0.5333491862721 0.37476316184358
ci3 | -0.0957344227024 | -3.9750361756013 0.757692579173
wy | 0.0173563883486
Weights = | wo | 0.00552219678715
w3 | 0.00358607886042
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