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» Rigorous Polynomial Approximation =
Polynomial + error bound
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m Rigorous methods
m Algorithmic methods
m Efficient and accurate

m To be integrated in a large-scale
library

» Solutions of coupled systems of linear
ordinary differential equations.
» with componentwise error bounds.

» Various fields of applications:

W v

Safety-critical Computer-aided
engineering mathematics
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» Fixed-point equation T - x = x with T contracting,
General scheme  » Approximation x to exact solution x*,
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» Fixed-point equation T - x = x with T contracting,

General scheme  » Approximation x to exact solution x*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of
ratio pt < 1,

» T admits a unique fixed-point x*, and

» For all x € X,

d(x,T-x) <d(xx*) < d(X,T'X).
1+p 1-pn
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If (X,d) is complete and T contracting of
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Sketch of the proof:
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Applications to function space problems:

m Early works by Kaucher, Miranker,

d(x,Tx)
= d(x,x*) < ;_7#)( Yamamoto et al (~80’s, ~90's).
B (1+p)d(x,x*) i(d(;, ')I‘ 9] m Lessard et al (2007 - today).
= d(x,x*) > )1(;7; m Benoit, Joldes, Mezzarobba (2011)

Bréhard, Brisebarre, Joldes (2017).
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(Xi, di)1<i<p complete metric spaces.
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€ R? vector-valued metric.

m F: X — X is A-Lipschitz for A e R*P:

d(F-x,F-y)<N-d(x,y) Vx,yeX
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(Xi, di)1<i<p complete metric spaces.

L] d(Xv)/) = (dl(thl): s dP(pr)/P))
€ R? vector-valued metric.

m F: X — X is A-Lipschitz for A e R*P:

d(F-x,F-y)<N-d(x,y) Vx,yeX
v

Convergent to Zero Matrices

N € RP*P is convergent to zero if:
s N\ >0 as k- oo,
m < p(N)<1.

| A\,

Generalized Contractions

f: X — X is a generalized contraction if it
is A-Lipschitz for A convergent to zero.
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m(1+A) 1=
1-AN+NA2 - 4 (=N +... 2 0.
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Error Polytope

Let £ = d(x,x*) and 7 =d(x, T - x):
(1-A)-=<7 (P)
(1+A)-e29
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Extending Perov Theorem with Lower Bounds #
% O (* rf

Error Polytope
Let £ = d(x,x*) and 7 =d(x, T - x):

Lower Bounds for Perov Theorem

For all i € [1, p],

(1-A)-=<7 (P)
(1+A)-e29 d(x,x*)i=ei > e
€20 with €7 given by the intersection of the i-th

lower bound constraint together with all
the j-th upper bound constraints, for j # i.
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(1+A)-e29 d(x,x*)i=ei > e
€20 with €7 given by the intersection of the i-th

lower bound constraint together with all
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34y Enclosures obtained by the theorem:
€] =2.48-107° ¢ =2090-1073

3.2 . _3 . -3
e, =3.09-10 €5, =3.65-10
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Chebyshev Family of Polynomials

To(X) =1,
Tl(X) = Xa
The2(X) = 2XTpe1(X) = Ta(X).
To(X) =1
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|
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Chebyshev Family of Polynomials

To(X) =1,
Tl(X) = Xa
The2(X) = 2XTpe1(X) = Ta(X).

Trigonometric Relation

m Tp(cos¥) = cos nd. To(X)=1
= Vte[-1,1],|Ta(t) < 1. Ti(X) =X
‘ Ta(X)=2X%2-1
T3(X) = 4x3-3X
Ta(X)=8X*-8X2+1
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Chebyshev Family of Polynomials

|
l
To(X) = 1, -t =
Ti(X) = X, i
Thi2(X) = 2XTp1(X) = Th(X). l
) JAVAVARN\/2)
m Tp(cos¥) = cos nd. To(X) =1
= Vte[-1,1],|Ta(t)| < 1. Ti(X) =X
‘ Ta(X)=2X%2-1
i) 003
8 ToTm=3(Totm+ To-m). Ta(X)=8X*-8X>+1
o [ Ta= i (T - I, Ts5(X) = 16X° - 20X> + 5X
)
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Scalar Product and Orthogonality Relations

Chebyshev Family of Polynomials 1F(t)e(t
oyran (f,g)=/ ®e(t) 4,
’ -1 V1-¢2
Tl(X) = Xa
The2(X) = 2XTpe1(X) = Ta(X).

Trigonometric Relation

m Tp(cos¥) = cos nd.
= Vte[-1,1],|Ta(t)| < 1.

Multiplication and Integration

mThThm= %(Tn+m+ Tn—m)-

_ 1 (Ther _ Tnaa
.fT"_2(n+1 n-1 )"
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=(Thn)ns0 orthogonal family.
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Scalar Product and Orthogonality Relations
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To(X) =1, (f,g) = /—1 ﬁdt = fo f(cos¥)g(cos¥)dv.
10 =x, T, h | famil
Tn+2(X) = 2XTn+l(X) - Tn(X)~ :>( n)n>0 orthogonal family. v
. . . Chebyshev Coefficients and Series
2 [T f(cosd)dd n=0
T, 9) = 9. = 0
= Tn(cosd) = cosnm " an { %foﬂ f(cos?)cosnddd n>0
Vte[-1,1],|Ta(t) < 1. -
RIS @ TN = S an To(e), te[-11]

Multiplication and Integration
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_ 1 (Ther _ Tnaa
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Scalar Product and Orthogonality Relations
Chebyshev Family of Polynomials 1F(t)e(t
s,

T
To(X) =1, (fg)= || it~ fo f(cos9)g(cos?)dY.
T1(X) = X, .
Trea(X) = 2XTper (X) = To(X). =(Thn)ns0 orthogonal family. )
. . . Chebyshev Coefficients and Series
2 [T f(cosd)dd n=0
T, 9) = 9. = 0
= Tn(cosd) = cosnm " an { %foﬂ f(cos?)cosnddd n>0
Vee[-1,1],|Ta(t)| < 1. _
= vte LI Ta(8)] s FINI(8) = Spen anTa(t),  te[-1,1].

v

Multiplication and Integration
Convergence Theorems

ToTm=2(Tosm+ To-m). —
" ToTm=3(Toem + Toom) m If FeCk FIN S f in O(N7F).

_ 1 (Ther _ Tnaa —
# [ Ta= 2 ( | ) m If f analytic, N f exponentially fast.
v
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Vector-Valued D-Finite Equations

Vector-Valued D-Finite Equation and Initial Value Problem

YO ) + A1 (8) - YD (£) + -+ AL(E) - Y/ (£) + Ao(t) - Y(£) = G(¢)
Y(-D=vw Y'(-)=vi ... YU D)=y, ; eRP
te[-1,1] A; e R[t]P*P, G e R[t]P.

(D)

Multinormval



Vector-Valued D-Finite Equations

Vector-Valued D-Finite Equation and Initial Value Problem

YO ) + A1 (8) - YD (£) + -+ AL(E) - Y/ (£) + Ao(t) - Y(£) = G(¢)
Y(-D=vw Y'(-)=vi ... YU D)=y, ; eRP

(D)

te[-1,1] A; e R[t]P*P, G e R[t]P.

v

Integral Equation with Polynomial Kernel

(D) becomes:

‘( Kui(t,s) ... Kip(t,s)
Y(t) + f : : Y (s)ds = W(t). 0)
-1 Koi(t,s) ... Kpp(t,s)

t
m Kj-y(t)= f_l Kij(t,s)y(s)ds 1-dimensional integral operator.

K Kip
n K= : : p-dimensional integral operator.
Ko oo Kpp

v
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K; is almost-banded and compact.
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Compactness and Almost-Banded Structure of K #f + y

v & O (’L “r ° x
<
a
(&)
K; M-S 6, T ~ :
k=0 cn
0

truncated integral operator KIB.N].
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Compactness and Almost-Banded Structure of K #

cttQ(’L“r

+ Y

Joy

Yks0 €1k Tk
KM :
X k0 ok Tk

truncation K[V by blocks.

€10
C11

C1Nn

Cpo
Cpl




Compactness and Almost-Banded Structure of K

o el
21(;0 Cpk Tk :

N
QN

CpN

K[V in reordered basis.




Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y" —ty=0, Ai(0)=vp and Ai'(0)=w

SAAAND
SVAVRVRVRVIRW

-15 -4 -13 -12 -1 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5




Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y" —ty=0, Ai(0)=vp and Ai'(0)=w

SAAAND
SVAVRVRVRVIRW

—0.4

-15 -4 -13 -12 -1 -10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4

m Integral reformulation over [-a,0] :

Y(t)+f1t((s’ " )~Y(s)ds=( 0 ) . Y*(t):( ﬁii,((tt)) )
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Example: Airy Function

Airy Equation and Integral Reformulation

m Airy function Ai defined by:

y'—ty=0, Ai(0)=vy and Ai'(0)=w;

0.8

0.6 -

AAAAN L
VWV VY

o

0.4

5 3 0 1 2 3 4 5

= Integral reformulation over [-a,0] = [-1,1]:

‘ 0 (w0 Ly A2
Y(t)+[1 ( —%2(54-1) )-Y(S)dsf( Vi ) Y (t)f( Ai’(fzg(tJrl)) )

o Nl
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Example: Airy Function

Approximation with Chebyshev Series

m Truncation at order N = 14:

\bbbbbibibibid FETTsssssssssssssssisssssssss
jo-0-0 222 RLPEPEPL LSS IR LLE LIPS

oo oo
oo
.oe o
voe
oo
oo
2o S
von
oo
oo
oo
od

Truncated operator KM by blocks K] in reordered basis




Example: Airy Function

Approximation with Chebyshev Series

m Truncation at order N = 14:

Truncated operator KM by blocks K] in reordered basis

m Obtained approximations for a = 10:

Y1 =+0.1397¢ - 0.15277 + 0.2007, — 0.016 T3 — 0.010 74 + 0.129 75 — 0.1127¢ — 0.032 77
+0.0317g-0.162T9 —0.111T19 + 0.103 771 + 0.110T72 — 0.005T13 — 0.033 714

Y2 =+0.057 T +0.130 77 +0.052T, + 0.290 73 + 0.033 T4 + 0.273T5 + 0.291 T + 0.004 T7
+0.203Tg +0.104Tg — 0.380T10 — 0.340 711 + 0.073T12 + 0.187T13 + 0.044 T4
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Example: Airy Function

Plots

10 9
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0.6

0.4

0.2




Example: Airy Function

Plots
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Designing the Newton-like Operator T

m Truncation order N,.

m Approx inverse:

A~ (1+KM)-T
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Designing the Newton-like Operator T

m Truncation order N,.

m Approx inverse:

A~ (1+KM)-T

Y! Banach Space

# [yl = Zaso [y]nl 2 1y e

B [Flq1 =sup,so [[F - Talqr for
F:4! - gl
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Designing the Newton-like Operator T # f
v & O (’L “r

m Truncation order N,.

m Approx inverse:

A~ (1+KM)-T

Y! Banach Space

# [yl = Zaso [y]nl 2 1y e

B [Flq1 =sup,so [[F - Talqr for
F:4! - gl

8 Y (qrye € RY for Yoe (UH)P.

= |Fl iy € REP for F: () - (b,

v
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Designing the Newton-like Operator T # f
v & O (’L “r

Decomposition of the Operator Norm

m Truncation order N, . DT (xq1yp = 1= A - (1 +K) [ (q1ye
= Approx inverse: <I1-A-(1+ K[Nv])”(ql)p +]A- (K- K[Nv])”(ql)p.
A~x (1 + K[NV] )_1 Approximation error Truncation error

Y! Banach Space

# [yl = Zaso 1ol 2 1y e

B [Flq1 =sup,s [[F - Talqr for
F:4! - gl

8 [ Y (qrye € RY for Yoe (UH)P.

= |Fl iy € REP for F: (1) - (b,

4
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Designing the Newton-like Operator T # f
v & O (’L “r

Decomposition of the Operator Norm

m Truncation order N, . DT (xq1yp = 1= A - (1 +K) [ (q1ye
= Approx inverse: <I1-A-(1+ K[Nv])”(ql)p +]A- (K- K[Nv])”(ql)p.
A~x (1 + K[NV] )_1 Approximation error Truncation error

9! Banach Space Approximation error:

m Finite-dimensional problem.
Byl = Zsollylal = 1y ]eo- . N 1
m Matrix multiplications and Y -norm.
B |Fllep =supso [F - Tl for
F:4' - Yl

8 [ Y (qrye € RY for Yoe (UH)P.

= |Fl iy € REP for F: (1) - (b,

4
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Designing the Newton-like Operator T # f

cttQ(’L“r

Decomposition of the Operator Norm

m Truncation order N, . DT (xq1yp = 1= A - (1 +K) [ (q1ye
= Approx inverse: <I1-A-(1+ K[Nv])”(ql)p +]A- (K- K[Nv])”(ql)p.
A~x (1 + K[NV] )_1 Approximation error Truncation error

9! Banach Space Approximation error:

m Finite-dimensional problem.
Byl = Zsollylal = 1y ]eo- . N 1
m Matrix multiplications and Y -norm.
B |Fllep =supso [F - Tl for

F:q' -4 Truncation error:
- ”YH(ql)p €RP for Y e (ql)p. m Infinite-dimensional problem.
m Crude bounds = large N,.
8 | F[xg1yp € REP for F: (T)P - (TH)P. m Smart bounding techniques.

4
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Example: Airy Function #f.l. y

Validation with Newton-like Method % N (<o) (%' r

@ x

Rigorous Chebyshev Approximation - Summary

Integral reformulation,

=

Numerical approximation Y of Y™,

]

Creating Newton-like operator T,

0=

Computing A > [DT || (q1yp,

=

If p(A) <1, bound | Y =T T|/(q1yr and apply Perov theorem.
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Example: Airy Function

Validation with Newton-like Method

Rigorous Chebyshev Approximation - Summary

Integral reformulation,

Numerical approximation Y of Y™,

]

Creating Newton-like operator T,

0=

Computing A > [DT || (q1yp,

=

If p(A) <1, bound | Y =T T|/(q1yr and apply Perov theorem.

v

Example: Airy Function over [-10,0]

) ~ . »e] <Y1 - Aifg1 € 51 and
» with N, = 1000: 5 < | Y- AV | <2F with:
7.56-107% 8.71-1073 -
A= ( 392102 111.102 ) €7 =0.109  &f =0.115

£, =0206 £ =0312
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Example: Airy Function

Error Tubes

Al
— Yi(1)

B error

‘
1

Ai'(t)
— %)

2 error £




Outline

Conclusion and Future Work
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Conclusion and Future Work

m A general framework for multinorm validation.

m An algorithm for Rigorous Polynomial Approximations to vector-valued D-finite
functions.

m Generalization to non-polynomial systems of linear ODEs.

m C library freely available at https://gforge.inria.fr/projects/tchebyapprox.

Towards a certified Coq implementation.

Multinormval


https://gforge.inria.fr/projects/tchebyapprox
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Proof of Lower Bounds for Perov Theorem [Appendix] #f

cttQ(’L“r

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:
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Proof of Lower Bounds for Perov Theorem [Appendix] #f

cttQ(’L“r

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:

d=det(1-N)
di = det(l -D;- /\)

B e e N AR BRI

1-A 1-D;-A
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Proof of Lower Bounds for Perov Theorem [Appendix] #f

cttQ(’L“r

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:

. d=det(1-N)
,,,,,,,,,,,,,, di =det(1-D;-N)




Proof of Lower Bounds for Perov Theorem [Appendix] #f

+ Y

cttQ(’L“r Qx

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:

d=det(1-N)

oo di =det(1-D;-N)

di(1-Nil=-di(1-D;- N7
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Proof of Lower Bounds for Perov Theorem [Appendix]
o % O R i

0 x

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:

i=3 i—3 d =det(1-A)
d; = det(1-D; - A)
» . ) B
: : : : di(1-N)j; =-di(1-D;-N)y
RO P PO e * | xlxix _ B
: ! il di(1-N)j3 = -di(1-D;-N)5
1-A 1-D;-A
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Proof of Lower Bounds for Perov Theorem [Appendix]
o % O R i

0 x

Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:
i d=det(1-N)
i di =det(1-D;-N)

3 : ! : di(1-N)j =-d;(1-D; - N)jf
N A A SR NI . _ _
: ! : : di(1-N)5 = -di(1-Dj-N)5
di(1-N)7t = +di(1-D;- N7
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Proof of Lower Bounds for Perov Theorem [Appendix] #f
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Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:

=3 =3 dszt(l_l\)
il el ST d; = det(1-D;-NA)
| ; di(1-Nil=-di(1-D;- N7
| o1k - L SRR SENEC IS ¢ _ _
: : di(1- M) =-di(1-D;-N)7
‘ ; di(1-N)7t = +di(1-D;- N7
O o di(1 =Nz = ~ch(1-Di )
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Proof of Lower Bounds for Perov Theorem [Appendix] #f
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Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*);>8,7:((1—Di.l\)’1.d(X,T.x))i with D,-:[1 ]

Sketch of the proof:
d=det(1-N)

-1
m (1-D;-A);' >0, and di=det(1-D;-N\)
- (17D,--I\)51<0forj¢i.

di(1-Nil=-di(1-D;- N7
di(1-Nt=-d;(1-D;-N)7
di(1-N)7t =+di(1-D;- N7
di(1-N)it=-d:(1-D;- N
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Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*)izer =((1-D;-N)"-d(x,T-x))

i

with D; =[ ]

Sketch of the proof:

X d =det(1-A)
= (1-D;-A);' >0, and d; = det(1-D; - A)
# (1-D;-N); <0 forj#i.
€1 < Ui 1 1
: : : di(1-A)ip =-di(1-D;- N
R I I I di(1=N)7 = ~di(1-Di- )7
ep ) <\ mp di(1-N)j3 = +di(1-D;-N)3

di(1-Njt=-d:(1-D;- N7
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Lower Bounds for Perov Theorem

If T is A-Lipschitz with A\ convergent to zero, then for all i € [1, p]:

d(x,x*)izer =((1-D;-N)"-d(x,T-x))

i

with D; =[ ]

Sketch of the proof:

. d = det(1-A)
= (1-D;-A);' >0, and d; = det(1-D; - A)
# (1-D;-N); <0 forj#i.
€1 < m 1 1
: : di(1-N)j; =-di(1-D;-N)y
(1-D;-N)- 5, ; ni di(1- N3t = —di(1-D; - N
Lo\ di(1-N)j5 = +d;(1-D;- N)j3

= &>((1-D; N1y di(1-N)g! = -di(1-D;-N)g!
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Tightness of Error Enclosures [Appendix] #f v

;;t@*r Qx

» Overapproximation ratio:

+ o .
g d cni + Z#,-cjnj
= - T -
€; d cini — Z#,- cjnj

G =(1-N)j' d=det(1-7),
d’ = det(1 - Dj - A).
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» Overapproximation ratio:

;d i+ e 6

- = )
;o doani— Xisigny
G =(1-N)j' d=det(1-7),
d’ = det(1 - Dj - A).

+

» <K &

™

Q)
|

Lo

®

kd+d 1
ZCJ’/
kd—d ¢ 57"
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Tightness of Error Enclosures [Appendix]

» Overapproximation ratio:

Fodani+ T g

- El
; d cini — Z#,- cjnj
G =(1-N)j' d=det(1-7),
d’ = det(1 - Dj - A).

+

» <K &

i

™

Q)
|

Lo

®

kd+d 1
iz —_ Cj1);
wd—d’ c,-Z e

J#i

Tightness Cone

Cr -
Kd+d' 1
T
KQ,,{’ rd - d'c,;”}

Multinormval



+ Y

Tightness of Error Enclosures [Appendix] #
v & O (’L “rf

» Overapproximation ratio: 72 (x107%) /
Tood i+ Xjeicinj 3.5 ns J
—_———, K
g d cini = Xjzi jnj /
G =(1-N)j' d=det(1-7), 3
d’ = det(1 - Dj - A).
2.5 .
K <
kd+d 1 2 ,’I
05— = 3G !
kd —d" ¢ 57 0
15 7
Tightness Cone N
1 / k=115
Cr = ;
0.5 J
N kd+d 1 7 ;
N2 ——— =), G g :
1<i<p wkd —d' ¢ i s m (x1073)
0.5 1 15 2 2.5 3 3.5 4
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4 ;
» Overapproximation ratio: 72 (x107%)
Eff d’ cini + Z#,- Gjnj 3.5 K
— =
e d cni— X
G =(1-N)j' d=det(1-7), 3
d’ = det(1 - Dj - A).
-+ 2.5
> ;7 N
Hd +d' 1 2
7 =G
kd—d Ci jzi
1.5
Tightness Cone
1 k=117
Cr =
0.5
kd+d 1
m i 2 ;7 Z G -3
1<i<p kd —d' ¢ JEI m (x107%)

0.5 1 1.5 2 2.5 3 3.5 4




Tightness of Error Enclosures [Appendix]

» Overapproximation ratio:

el d i+ X g

- = ,
€; d c,-z/,-—Zj#,»cer

G =(1-N)j' d=det(1-7),
d’ =det(1 - Dj-A).

)sd+d'

cjn)
kd — d'c,g“

1<i< kd —d" ¢ 7

rd+d 1
N {'/i 2 —_ZCJ'U
P

3.5 1

2.5 1

15+

0.5

(172 (x1073)

m (x1073)

0.5 1 1.5 2 2.5 3 3.5 4




Tightness of Error Enclosures [Appendix] #

+ Y
«;t@r’lrf

» Overapproximation ratio:

+ e 1
h d cini+ quti Cji7lj

— - T -
€; d cini = Xjzi jnj

G =(1-N)j' d=det(1-7),
d’ =det(1-Dj-N).

)sd +d' 1
d d’ Z Cjnj

Ci jzi

Tightness Cone

Cyx =
kd+d 1
(1 > =25
lsiép{ wd - d’ Ci jzi ‘ | | | ‘ m (‘><1073)“
0.5 1 1.5 2 2.5 3 3.5 4
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» Overapproximation ratio:

_dhcini+ X G
d cini— Xjzi G1j
¢ =(1-N);!, d=det(1-N),
d’ =det(1-Dj-N).

+
<K &

kd+d 1
;i 2 cj1)
"7 kd - d'c,g“

Tightness Cone

hd+d’
cjn)
kd — d'c,g; J J}
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Tightness of Error Enclosures [Appendix]
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Jo

+£I

» Overapproximation ratio:

i’ Cini + jxi €1
=
d cini = X4 Gnj
G =(1-N)j' d=det(1-7),
d’ =det(1-Dj-N).

<K &

kd+d 1
;i 2 cj1)
"7 kd - d'c,g“

Tightness Cone

kd+d 1
(] {]h/ rd—d’ ZCJUJ}
p

Ci JFEI
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L
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Jo
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» Overapproximation ratio:

d’ Cini+ Xjsi €1

— L em Iy

d cini = Xjsi G
G =(1-N)j' d=det(1-7),
d’ =det(1-Dj-N).

<K &

kd+d 1
;i 2 cj1)
"7 kd - d'c,g“

Tightness Cone

kd+d 1
(] {]h/ rd—d’ ZCJUJ}
p

Ci JFEI
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Tightness of Error Enclosures [Appendix]

4 5
» Overapproximation ratio: LIQ i
% *
) *
e d'cini+ i g 3591 *
— s T S % *
e d cni— X " x
G =(1-N)j' d=det(1-7), 3 lx *
* *
d’ = det(1 - Dj - A). * :
* *
2.5 f{% *
> <K <& * *
* *
*
L rd+d kd+d 1 1y 2 % «
ni G * *

7

kd —d’ ¢ 7 x x
1.5 *
>* *
»* *
* *
1> x
* *
* *
* *
05 * W
kd+d' 1 x N
() 02— = 2 . iy
1<i<p K Ci jzi * )




Designing the Newton-like Operator T

Bounding the Truncation Error

Truncation Error

|A - (K-KM)| =sup A - (K-KM). T
i20
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Bounding the Truncation Error
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Truncation Error

|A - (K-KM)| =sup A - (K-KM). T
i20
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Truncation Error

|A - (K-KM)| =sup A - (K-KM). T
i20

Multinormval



Designing the Newton-like Operator T

Bounding the Truncation Error

L

cttQ(’L“r

J

+ ¥
0 x

Truncation Error

|A - (K-KM)| =sup A - (K-KM). T
i20
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Bounding the Truncation Error
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Truncation Error

|A - (K-KM)| =sup A - (K-KM). T
i20




Designing the Newton-like Operator T # f + y

0 x

Bounding the T tion E
ounding the Truncation Error - W 0 (% r

Truncation Error

Direct computation.

|A - (K-KM)| =sup A - (K-KM). T
i20




Designing the Newton-like Operator T # f + y

0 x

Bounding the T tion E
ounding the Truncation Error - W 0 (% r

Truncation Error

Direct computation.

A - (K - K[NV])” = sup||A- (K- K[NV]) T Direct computation.
i>0
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Designing the Newton-like Operator T

Bounding the Truncation Error

Truncation Error Direct computation.

Direct computation.
A (K- K[NV])” =sup|A- (K- K[N"]) T Bound the remaining infinite
i>0 number of columns:

Multinormval



Designing the Newton-like Operator T # f + y

@ x

Bounding the T tion E
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m Using the bounds in 1/i and 1/i*:
possibly large overestimations.
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diag(i) < — init(i) <
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Direct computation.
|A - (K-KM)| =sup A (K-KM). 7 Bound the remaining infinite
>0 number of columns:

u Using the bounds in 1/i and 1/i*:
possibly large overestimations.

C D
diag(i) < — init(i) <
i i
m Using a first order difference
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diag(i) < diag(io) + —
!

init (i) < init(io) + —-
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Truncation Error Direct computation.

Direct computation.
|A - (K-KM)| =sup A (K-KM). 7 Bound the remaining infinite
>0 number of columns:

u Using the bounds in 1/i and 1/i*:
possibly large overestimations.

C D
diag(i) < — init(i) <
i i
m Using a first order difference
method: differences in 1/i2 and

1/i*.

C/

diag(i) < diag(io) + —
1
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init (i) < init(io) + —
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